Study on fast numerical inclusion methods for eigenvalue problems by 丸山 晃佐




1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2 8
2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 IEEE754 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.2 . . . . . . . . . . . . . . 11
2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.3 . . . . . . . . . . . . . . . . . . . . . 18
3 22
1
3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2.2 . . . . . . . . . . . . . . . . . . . . . 24
3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3.1 Gerschgorin . . . . . . . . . . . . . . . . . . . . . . . 33
3.3.2 . . . . . . . . . . . . . . . . . . . . . 34
3.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4
41
4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3 . . . . . . . . . . . . . . . . . . . . 48
4.3.1 . . . . . . . . . . . . . . . . . . . . 48
4.3.2 . . . . . . . . . . . . . . . . . 51
4.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.4.1 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.4.2 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2
4.4.3 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.4.4 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

























4 n× n A B
Ax = λBx
BPX = AP
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32 N = 24, −126 ≤ e ≤ 127






































(3) 2 IEEE754 emin
1
1 0
2−1074 = 4.94065645841246544 · · · × 10−324
10
(4) NaN (Not a Number) ±∞ ±0
(a) NaN (Not a Number)
√−5 ∞/infty +∞+ (−∞)
(b) ±∞
(c) ±0 ±∞





R c (c ∈ R)
1. c
4 : R→ F up
2. c
5 : R→ F down
11
3. c : R → F
2
4. c c
© : R → F (© 4 5 )
IEEE754 :
©x = x ( x ∈ F )
x ≤ y ⇒©x ≤ ©y ( x, y ∈ R )

x ∈ F −x |x|
IEEE754
(−x) = − x ( x ∈ R )
4(−x) = −4 x ( x ∈ R )
5(−x) = −5 x ( x ∈ R )

IEEE754 (F )
: · ∈ {+,−,×,÷} © ∈ {4,5}
x
⊙

























[x, x] = {x ∈ R | x ≤ x ≤ x}




x = x [x]
[x] x
[x]





d([x]) r([x]) m([x]) [x]
[x]
〈[x]〉 = min{|x| | x ∈ [x]}
|[x]| = max{|x| | x ∈ [x]} = max{|x|, |x|}

2 [x] [y] 2
[x] ◦ [y] = {x ◦ y | x ∈ [x], y ∈ [x]}, ◦ ∈ {+,−,×,÷}
14
[x] + [y] = [x+ y, x+ y]
[x]− [y] = [x− y, x− y]
[x]× [y] = [min{xy, xy, xy, xy},max{xy, xy, xy, xy}]








, (0 6∈ [y])
[x] ⊆ [x′], [y] ⊆ [y′]⇒ [x] ◦ [y] ⊆ [x′] ◦ [y′], ◦ ∈ {+,−,×,÷}
:
[x] ◦ [y] = [y] ◦ [x], ◦ ∈ {+,×}
[x] ◦ ([y] ◦ [z]) = ([x] ◦ [y]) ◦ [z], ◦ ∈ {+,×}

−[x] = [−x,−x]
0 = [0] ⊆ [x]− [x] = [x− x, x− x]




[x]× ([y] + [z]) ⊆ [x]× [y] + [x]× [z]
15
f : D ⊂ R→ R D
f IR :
f([x]) = {f(x) | x ∈ [x]}










f([a, b]) f([a, b]) ⊂ [c, d] [c, d]
16




IF = {[x] ∈ IR | x, x ∈ F}
IF
[a, b] ∈ IR [c, d] ∈ IF
♦ : IR→ IF
[x] ⊂ ♦[x]
♦[x] = [x] ( [x] ∈ IF )
[x] ⊂ [y]⇒ ♦[x] ⊂ ♦[y] ( [x], [y] ∈ IF )





[x]♦◦ 4= ♦([x] ◦ [y]) (◦ ∈ +,−,×,÷)
:
[x] + [y] = [5(x+ y), 4(x+ y)]
[x]− [y] = [5(x− y), 4(x− y)]
[x]× [y] = [min{5(xy, xy, xy, xy)},max{4(xy, xy, xy, xy})]
[x]÷ [y] = [min{5(x/y, x/y, x/y, x/y)},max{4(x/y, x/y, x/y, x/y})]
2.3.3
1.
α β δ ≥ 0 [β −
δ, β + δ]
min{αβ − αδ, αβ + αδ} = αβ − |αδ| = αβ − |α|δ
min{αβ − αδ, αβ + αδ} = αβ + |αδ| = αβ + |α|δ

18
α[β − δ, β + δ] = [αβ − |α|δ, αβ + |α|δ] (2.4)
2.
α β δ δ ≥ 0
min{αβ − αδ, αβ + αδ} = αβ − |βδ| = αβ − |β|δ
min{αβ − αδ, αβ + αδ} = αβ + |βδ| = αβ + |β|δ

[α− δ, α + δ]β = [αβ − |β|δ, αβ + |β|δ] (2.5)
3.
α β δ γ δ ≥ 0 γ ≥ 0











δ = α− a

(2.7)
[a] ⊂ [α− δ, α + δ]
2. :
α[β − δ, β + δ] = [5(αβ + (−|α|)δ),4(αβ + |α|δ)]
[α− δ, α + δ]β = [5(αβ + (−|β|)δ),4(αβ + |β|δ)]
[α− δ, α + δ][α− γ, α + γ] ⊂
[5(αβ − |α|γ − |β|δ − δγ),4(αβ + |α|γ + |β|δ + δγ)]
(2.8)
n× n A :
[A,A] = {X : n× n | A ≤ X ≤ A}
n× n X = (xij) Y = (yij)
X ≤ Y ⇐⇒ Xij ≤ Yij (i, j = 1, 2, · · · , n)
B
n× n B ij Bij
20
n × n [A,A]







D = Ac − A

(2.9)
[A,A] ⊂ [Ac −D,Ac +D]
Ac Bc D G n × n D ≥ 0 G ≥ 0
1.
Ac[Bc −G,Bc +G] = [5(AcBc + | − Ac|G),4(AcBc + |Ac|G)] (2.10)
2.
[Ac −D,Ac +D]Bc = [5(AcBc + | −D|Bc),4(AcBc + |D|Bc)] (2.11)
3.
[Ac −D,Ac +D][Bc −G,Bc +G] =





Bx = λx, (3.1)
B n×n (3.1) x ∈ Rn














c (c ∈ R)
1. c
4 : R→ F up
2. c
5 : R→ F down
IEEE754 (F )
:· ∈ {+,−,×,÷} © ∈ {4,5}
x
⊙









x) ( x ∈ F ) (3.3)
3.2.2
F R S n×n R
( R ≥ 0 )
:
[F −R,F +R]S = [FS −R|S|, FS +R|S|] (3.4)
R = real(R) + i ∗ imag(R)
B C BC







Pr = Br ∗ Cr + (−Bi) ∗ Ci;
Pi = Br ∗ Ci +Bi ∗ Cr;
up;
Pr = Br ∗ Cr + (−Bi) ∗ Ci;
Pi = Br ∗ Ci +Bi ∗ Cr;
P = Pr + (i ∗ Pi);
P = Pr + (i ∗ Pi);
1. BC
up down











Hr = Hr −Dr;
Hi = Hi −Di;
up;
Hr = Hr −Dr;
Hi = Hi −Di;
Ha = Hr + (i ∗Hi);
Hb = Hr + (i ∗Hi);
Hc = Hr + (i ∗Hi);
26




max(abs(Ha), abs(Hb), abs(Hc), abs(Hd))
Hmaxij = max{|Ha|, |Hb|, |Hc|, |Hd|}






A B n× n (AB)−1
function [C,R]=vinv cr(A,B)










[P , P ] [P , P ] ⊂ [F − R,F + R]
F R(≥ 0) [2]






Fr = Pr + 0.5 ∗ (Pr − Pr);
Fi = Pi + 0.5 ∗ (Pi − Pi);
Rr = Fr − Pr;
Ri = Fi − Pi;
F = Fr + (i ∗ Fi);
R = Rr + (i ∗Ri);
28
4. [P , P ]
A F R n × n R ≥ 0
[D,D] ⊇ A ∗ [F − R,F + R] n × n D D
[2]
function [D,D] =s i product(A,F,R)
G=abs(A);
down;
D = A ∗ F + (−G) ∗R;
up;
D = A ∗ F +G ∗R;
5. A F R A ∗ [F −R,F +R]
abs(A) A Aij
A F R n× n R ≥ 0
[D,D] ⊇ A ∗ [F − R,F + R] n × n D D








[Dr1, Dr1] =s i product cr(Ar, Fr, Rr);
[Dr2, Dr2] =s i product cr(Ai, Fi, Ri);
[Di1, Di1] =s i product cr(Ar, Fi, Ri);
[Di2, Di2] =s i product cr(Ai, Fr, Rr);
down;
Dr = Dr1 −Dr2;
Di = Di1 +Di2;
up;
Dr = Dr1 −Dr2;
Di = Di1 +Di2;
D = Dr + (i ∗Di);
D = Dr + (i ∗Di);
30
6. A F R A ∗ [F −R,F +R]
A B Ra Rb n × n Ra ≥ 0 Rb ≥ 0
[D,D] ⊇ [A−Ra, A+Ra] ∗ [B −Rb, B +Rb] n× n
D D




D = A ∗B + (−Ra) ∗Hb + (−Ha) ∗Rb + (−Ra) ∗Hb;
up;
D = A ∗B +Ra ∗Hb +Ha ∗Rb +Ra ∗Hb;
7. [A−Ra, A+Ra] ∗ [B −Rb, B +Rb]
A B Ra Rb n × n Ra ≥ 0 Rb ≥ 0
[D,D] ⊇ [A−Ra, A+Ra] ∗ [B −Rb, B +Rb] n× n
D D










[R1, R1] = i i product cr(Ar, Rar, Br, Rbr);
[R2, R2] = i i product cr(Ai, Rai, Bi, Rbi);
[I1, I1] = i i product cr(Ar, Rar, Bi, Rbi);
[I2, I2] = i i product cr(Ai, Rai, Br, Rbr);
down;
R = R1 −R2;
I = I1 + I2;
up;
R = R1 −R2;
I = I1 + I2;
32
D = R + i ∗ I;
D = R + i ∗ I;





A n× n λi(i = 1, 2, · · · , n) A
λi Gerschgorin [4]





























B E = BP − PD E ≈ O
BP = PD + E ≈ PD (3.9)
B
P−1 P
A = PDP−1 (3.10)
:
P−1BP = P−1AP + P−1(B − A)P
34









= P−1(B − A)P (3.12)































−1(B − A)P ]ik
=[ P−1BP − P−1AP ]ik
=[ P−1BP −D ]ik
=[ (L− P−1 − L)BP −D ]ik
=[ LBP −D + (L− P−1)BP || ]ik








∣∣∣[ LBP −D + (LP )−1(I − LP )LBP ]ik∣∣∣ (3.16)








[LBP,LBP ] =cs i product cr(L,Hc, Hr);
[LBPc, LBPr] =ccr(LBP,LBP );
[LP,LP ] =cproduct(L, P );
down;
J =eye(n)− LP ;
up;
J =eye(n)− LP ;
[Jc, Jr] =ccr(J, J);
[K,K] = ci i product cr(Jc, Jr, LBPc, LBPr);
[Kc, Kr] =ccr(K,K);
[LPc, LPr] =vinv cr(L, P );













Er = LBPr −Dr +Mr;
Ei = LBPi −Di +Mi;
up;
Er = LBPr −Dr +Mr;
Ei = LBPi −Di +Mi;
Er =max(abs(Er),abs(Er));
Ei =max(abs(Ei),abs(Ei));







eig(B) B E ′









( )[s] ( )[s]
50 0.08 0.12 1.80× 10−13 1.32× 10−12
100 0.47 0.58 3.09× 10−12 2.07× 10−11
200 3.71 4.10 2.26× 10−11 1.64× 10−10
300 11.59 13.39 5.68× 10−11 5.17× 10−10
500 55.36 59.51 2.82× 10−10 5.39× 10−9








n × n A,B B
BPX = AP P
n × n X n × n
41
4.1
Ax = λBx (4.1)
n× n A,B B
A
AT A B 0


















(4.1) x ∈ Rn Ax = λBx




0 ≤ m ≤ n− 1 QZ [6] Cholesky-QR Cholesky-Jacobi
Cholesky Wilkinson [7]












2003 9 MATLAB MATLAB 6.5 (6.5



















B−1Ax = λx (4.4)
(4.4) (4.1) 4 (4.1)
(4.1) (4.4)
B Cholesky
B = LLT (4.5)
L (4.1)
4 C = AB−1 Cy = λy, y = Bx
45
L−1AL−Ty = λy (4.6)
5 y = LTx, L−T = (L−1)T (4.6)
L−1AL−T (4.1)
(4.4)












−1CP )kk, (k = 1, 2, · · · , n) M
(i, j) Mij i-j |Mij|
M |M | |M |ij = |Mij|
( )









X = P−1B−1AP X
BPX = AP (4.9)













x ∈ F ⇒ −x ∈ F |x| x ∈ F
3
(1)−∞ ( ) c ∈ R f ≤ c
f ∈ F 5 : R→ F
(2)+∞ ( ) c ∈ R f ≥ c
f ∈ F 4 : R→ F
(3) ( ) c ∈ R |f−c| f ∈ F
48
2 : R→ F
















setround(1) setround(-1) +∞ −∞
7
7 Windows MATLAB 6.5
49
8 1.a AP AP ∈ [S, T ]
MATLAB [S, T ] [Sij, Tij] i-j
( ) ∈
[L,U ] MATLAB [L,U ] ⊆ [C −
R,C +R] n× n C R R ≥ 0
function [C,R] = cr(L,U)
setround(1)
C = L + 0.5*(U - L);
R = C - L;
Algorithm 1.b [L,U ] C R
A,C,R n× n R ≥ 0
A[C −R,C +R] = [AC − |A|R,AC + |A|R]
MATLAB
A ∗ [C −R,C +R] ⊂ [D,E] n× n D E
system dependent(’setround’,mode);















2 [ ] A,Q,X n× n X˜ AX = Q










n x, y x ≤ y
xk ≤ yk (k = 1, 2, · · · , n) (4.12)
‖κ‖∞ < 1 A−1 i = 1, 2, · · · , n
|X∗i − X˜i|
≤ |R(AX˜i −Qi)|+ ‖R(AX˜i −Qi)‖∞
1− ‖RA− I‖∞ κ (4.13)













PowerMac G4 dual 1GHz CPU
(2G Byte RAM, Mac OS10.2.8) MATLAB Version 6.5.1.200223 Release




10 2 3 1 1
2 12 1 2 1
3 1 11 1 −1
1 2 1 9 1






12 1 −1 2 1
1 14 1 −1 1
−1 1 10 −1 1
2 −1 −1 12 −1
























n n × n P
d = ((P−1CP )11, (P−1CP )22, · · · , (P−1CP )nn)T
C = B−1A d n Ger-















Uk, (k = 1, 2, · · · , 5) Λ 2









−4 6 −4 1
1 −4 6 −4 1
. . . . . . . . . . . . . . .
1 −4 6 −4 1







i+ j − 1 (4.17)
B Hilbert n
Behnke [13]
n = 5 veig
>> [P,D] = eig(A,B);

















n = 8 veig
>> [P,D] = eig(A,B);

































n× n MATLAB eye(n) n
Ax = λBx (4.18)
n = 500, 1000, · · · , 5000 MATLAB eig
veig
4.1




n te[sec] tv[sec] tv/te error
500 6.06 6.81 1.12 9.2× 10−13
1000 45.1 48.7 1.08 2.3× 10−12
1500 145 160 1.10 4.3× 10−12
2000 352 373 1.06 6.5× 10−12
2500 673 745 1.11 9.1× 10−12
3000 1156 1495 1.29 1.1× 10−11
3500 1785 2294 1.29 1.4× 10−11
4000 2726 3398 1.25 2.0× 10−11
4500 3968 5228 1.32 2.4× 10−11
5000 5260 7150 1.36 2.8× 10−11
error e ‖e‖∞








6 3a −6 3a
3a 2a2 −3a a2
−6 −3a 6 −3a





156 22a 54 −13a
22a 4a2 13a −3a2
54 13a 156 −22a
−13a −3a2 −22a 4a2









































% MATLAB m-file [e,d]=veig(A,B,P).
% This function solves a generalized
% eigenvalue problem Ax=kBx. Here, A
% and B are n x n real symmetric
% matrices. Further, B is assumed to
% be positive definite. P consists of
% approximate eigenvectors.
% The vector e is an error vector and





























function [e,x] = vlin(A,bl,bu)
% MATLAB m-file [e,x]=vlin(A,bl,bu).
% This function solves Ax=[bl,bu].
% Here, A is an n x n matrix and
% bl and bu are n x n matrices
% satisfying bl <= bu. This function
% calculates an inclusion of solutions
% of Ax=[bl,bu] as [x-e,x+e]. Here, x
% is an n x n matrix representing the
% center of this inclusion and e is an







Gd = R*A - eye(n);
67
rd = A*x - bu;
setround(1);
Gu = R*A - eye(n);
Gu = max(abs(Gd),abs(Gu));
clear Gd;
ru = A*x - bl;
norm_G = norm(Gu,inf);
setround(-1);
d = 1 - norm_G;
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